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Abstract
The distinction of chiral and mirror symmetric objects is straightforward from a geometrical point of view.
Since the biological as well as the optical activity of molecules strongly depend on their handedness, chirality has
recently attracted high interest in the field of nano-optics. Various aspects of associated phenomena including
the influences of internal and external degrees of freedom on the optical response have been discussed. Here,
we propose a constructive method to evaluate the possibility of observing any chiral response from an optical
scatterer. Based on solely the T -matrix of one enantiomer, planes of minimal chiral response are located
and compared to geometric mirror planes. This provides insights into the relation of geometric and optical
properties and enables identifying the potential of chiral scatterers for nano-optical experiments.
It is usually a simple task to tell by eye whether an
object is chiral or not: Achiral objects are superim-
posable onto their mirror image and, accordingly, they
possess a mirror plane [1]. Recently, chiral scatterers
have gained high interest in nano-optics due to their
potential to enhance the weak optical signal of chiral
molecules [2, 3, 4]. The most common experimental
technique is the analysis of the circular dichroism (CD)
spectrum which equals the differential energy extinc-
tion due to the illumination by right- and left-handed
circularly polarized light [5].
In order to observe such chiral electromagnetic re-
sponse, it seems to be obvious that geometrically chi-
ral scatterers are required. However, it has been shown
that extrinsic chirality, i. e. a chiral configuration of the
illumination and geometric parameters, yields compa-
rable effects as intrinsically chiral objects [6]. By tun-
ing the far-field polarization of the illumination, large
chiral near-fields may even be generated in the viscinity
of achiral objects [7]. In CD measurements, randomly
orientied molecules are investigated which can be clas-
sified by their T -matrix [8]. The latter has been used
for quantifying the electromagnetic (e.m.) chirality,
based on a novel definition of it [9].
However, the quantification of the geometric chiral-
ity is an elusive task [10] and even the unambiguous
association of the terms right- and left-handed enan-
tiomer of a general object is impossbile [11]. Different
coefficients attempting to rate the chirality of an object
are based on the maximal overlap of two mirror images
[12] as well as the Hausdorff distance [13]. The choice
of a specific coefficient determines the most chiral ob-
ject [14], i.e. there is no natural choice for quantifying
geometric chirality. This also holds for the various fig-
ures of merit estimating the e.m. chirality.
In this study, we start by transferring the simple pro-
cedure of finding a mirror plane to optics. Namely, we
analyse the T -matrix and its associated geometric mir-
ror symmetries by employing translation and rotation
theorems of vector spherial harmonics. We illustrate
this concept with numerical simulations of an experi-
mentally realized gold helix. Different quantifications
of the e.m. chirality are compared. Furthermore, the
symmetry planes found in the optical response by our
method are correlated to those of geometric origin. It
is shown that the complex optical response, including
higher order multipoles, yields mirror planes in the T -
matrix which are not directly related to geometric sym-
metries.
The most general description of an isolated opti-
cal scatterer is the well-known T -matrix [15]. It re-
lates an arbitrary incident field with the scattered field
caused by the scattering object. The optical response
to any incident field is included in the T -matrix. Ac-
cordingly, the following analysis of T is independent of
specific illumination parameters such as the direction,
polarization and beam shape. In contrast, the goal
of this study is to obtain insights into illumination-
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independent symmetries of the scatterer.
Usually, both the incident as well as the scattered
field are given in the basis of vector spherical harmon-
ics for computations with the T -matrix [16, 17]. Physi-
cally observable quantities such as the scattered energy,
the absorption, as well as the flux of optical chirality
are readily computed from T [8]. In numerical simu-
lations, T may be computed with high accuracy [18].
Knowing the response of the left-handed object Tl en-
ables the analytic computation of the response of its
mirror image Tr:
Tr =M−1xy TlMxy, (1)
where we choose mirroring in the xy-plane Mxy with-
out loss of generality [17]. Note that the terminology of
right- Tr and left-handed Tl is ambiguous, as pointed
out before, and may be interchanged.
Tr RTlR−1=
(a)
Tr RTlR−16=
(b)
Figure 1: (a) The mirror image of an achiral object
overlaps with its original after proper translations and
rotations. This implies that the original T -matrix Tr
coincides with Tl of the mirror object after the corre-
sponding transformations R. (b) A chiral object and
its mirror image are not congruent. If the object is
much smaller than the incident wavelength, it usually
exists a transformation R after which Tl and RTrR
−1
are equal. Note that the achiral isosceles triangle in (a)
possess a mirror plane in 2D and that the asymmetric
triangle in (b) is chiral only in 2D.
Since we aim at investigating arbitrary mirror
planes, we note that an arbitrary plane is given by
the three spherical coordinates of its normal: the in-
clination Θ and the azimuthal angle Φ, as well as the
distance d from the origin. We define the according
transformation R(Θ,Φ, d) acting on the object as
R(Θ,Φ, d) = T (Θ,Φ, d)Rz(Φ)Ry(Θ), (2)
where T (Θ,Φ, d) is the translation of the T -matrix in
the direction given by the angles and the distance and
Rz(Φ) and Ry(Θ) are the rotations around the z- and
y-axis, respectively [19, 17].
For a geometrically achiral object [Fig. 1(a)], there
exists at least one transformation R(Θ,Φ, d) such that
Tl = R(Θ,Φ, d)TrR
−1(Θ,Φ, d). On the other hand,
the lack of a geometric mirror plane of a chiral object
[Fig. 1(b)] implies that there exists no such transfor-
mation and that Tl and Tr do not coincide for any set
of transformation parameters (Θ,Φ, d). Note that this
does not generally hold in the long wavelength limit,
i.e. the incident wavelength being much larger than the
dimension of the scatterer.
For investigating the role of the geometric shape in
nano-optics, it is of interest to identify those planes of
highest symmetry of a chiral object: Although there
is no mirror plane in a chiral object, a transformation
may be identified in which the right- and left-handed
T -matrices are closest to one another. Rating the close-
ness is done here by calculating the 2-norm of the dif-
ference of these two matrices. Accordingly, we intro-
duce the coefficient χTT which minimizes the difference
between the T -matrices of mirror images as
χTT = min
(Θ,Φ,d)
∣∣∣∣Tl −R−1(Θ,Φ, d)TrR(Θ,Φ, d)∣∣∣∣2 . (3)
This means that for the mirror plane corresponding
to minimal parameters (Θmin,Φmin, dmin) of (3), the
optical responses of the two mirror images are as sim-
ilar as possible. In other words, the mirror images are
hardly distinguishable. For an achiral object χTT van-
ishes since there exists a transformation for which the
mirror images are identical.
Obviously, the choice of the norm is not unique and
other quantifications of similarity of the mirror images
could be defined (cf. [17] for the physical relevance of
the 2-norm). A recently introduced coefficient χSV
is e.g. based on the singular-value decomposition of
the T -matrix in the helicity basis [9]. Alternatively,
the angular-averaged differential energy extinction χCD
due to illuminating with either right- or left-handed
circularly polarized plane waves is experimentally ac-
cessible as the CD spectrum.
In Figure 2, we compare simulations of these three
coefficients quantifying the e.m. chirality for a gold he-
lix as realized experimentally [20]. The helix is con-
structed on the surface of a cylinder [17] with height
230nm and radius 60nm. The CD spectrum χCD shows
zero values at incident wavelengths of λ = 615nm and
λ = 1070nm. If only these wavelengths were analyzed,
one could draw the conclusion that an achiral object
is investigated. Nevertheless, CD makes the chiral ge-
ometric nature of the helix visible as a maximum at
823nm and a minimum at 1, 452nm of smaller ampli-
tude. For a helix with an opposite twist, i.e the mirror
image, the roles of the extrema are interchanged.
On the other hand, the coefficient χSV is normalized
by the average interaction strength of the T -matrix at
each wavelength. This yields a fairly flat spectrum with
two narrow minima below 0.1 at the two λ for which
χCD = 0. These minima are not present in the mini-
mized χTT introduced in (3). However, the maxima of
this latter coefficient are in accordance with the exper-
imentally observable CD extrema (χCD). In the long
wavelength regime, all three coefficients tend to zero as
expected for point-like particles due to vanishing off-
diagonal elements in the T -matrix.
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Figure 2: Chiral response of a gold nano-helix de-
pending on the incident wavelength λ. The angular
averaged differential extinction of circularly polarized
plane waves χCD (black dotted line) vanishes at 615nm
and 1070nm which could be interpreted as achirality of
the studied object. The electromagnetic chirality coef-
ficient χSV (dashed blue line) is based on the singular
values of the T -matrix in the helicity basis. Values
below 0.1 at 610nm and 1085nm indicate nearly achi-
ral optical response. However, the minimal difference
χTT (red solid line) between Tr and RTlR
−1 reveals
that the helix is chiral at all wavelengths. Its maxima
correspond to those of χCD and are, hence, observable.
The minimization in the three-dimensional parame-
ter space in (3) is carried out using Bayesian optimiza-
tion [21, 17]. Since the shape of the minimized function
highly depends on the actual object, the Bayesian ap-
proach is well suited for finding a global minimum. The
parameters (Θmin,Φmin, dmin) of the optimized value
are related to geometric mirror planes. In Figure 3(a),
the planes following from the respective transformation
R(Θmin,Φmin, dmin) of the xy-plane are plotted for all
incident wavelengths from 550nm to 2.05µm. The incli-
nation Θ and azimuthal angle Φ are given in the shown
coordinate system which is centered at the centroid of
the helix.
We identify three distinct classes shown in blue, red
and green. These correspond to planes which are par-
allel and perpendicular to the helix axis, as well as
tilted by a small angle Θ from the horizontal position,
respectively. The dark grey plane corresponds to the
minimal geometric parameters which will be explained
in the following paragraphs. Details on the optimiza-
tion such as challenging flat behaviour for translations
from the centroid, and on the obtained minimizing pa-
rameters, are given in [17].
Next, we compare the findings on the symmetry
based on the optical T -matrix to those stemming from
purely geometric properties. As discussed previously,
there is no coefficient which unambiguously rates the
geometric chirality of an object. We choose a coef-
ficient χGE based on the overlap of the left- Ol and
(a)
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Figure 3: (a) Transformed xy-planes (blue, red,
green) corresponding to minimal χTT computed from
T -matrix of the gold helix (yellow). The dark grey
plane corresponds to minimal χGE. (b) Geometric chi-
ral coefficient χGE(Θ,Φ) for the helix and its mirror
image which is rotated around the centroid (grey col-
ormap). The minimal value of 0.57 belongs to the dark
grey plane in Fig. 3(a). Angles of the colored planes
are shown by circles.
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right-handed Or(Θ,Φ, d) object, where the latter re-
sults from mirroring Ol at the xy-plane and transfor-
mation with (Θ,Φ, d). Namely, the volume V of the
overlap is compared to the volume of the object [12, 17,
Eq. (8) in]:
χGE(Θ,Φ, d) = 1− V (Ol ∩Or(Θ,Φ, d))
V (Ol)
. (4)
This coefficient vanishes for achiral objects as required
for a degree of chirality [13].
Figure 3(b) displays the geometric chirality coeffi-
cient χGE(Θ,Φ, 0) for planes rotated around the cen-
troid of the helix as a grey colormap. Dark regions
with large values of χGE indicate a vanishing overlap
between the two mirrored helices. Note that for large
distances to the origin d → ∞, the mirror images do
not overlap and χGE = 1. However, this is always pos-
sible no matter if the object is chiral or not. As in
the case of χTT, the parameter points of interest of
χGE(Θ,Φ, d) are those corresponding to a minimum:
The minimum 0.57 in Fig. 3(b) occurs at (180◦, 55◦)
and (0◦, 125◦) which show the instrinic chiral prop-
erty of the investigated helix. These two minima are
equivalent since a finite helix is C2 symmetric. The
corrsponding transformed xy-plane is shown in dark
grey in Fig. 3(a).
Alongside the geometric coefficient χGE, the planes
identified for the minimized T -matrix difference are
shown as colored circles in Fig. 3(b). The colors (red,
blue and green) of these circles are the same colors used
for the planes, i.e. a direct comparison of the angle pa-
rameters is possible. As seen, the planes are ranked
according to their Θ values: The perpendicular class
1 (blue) has Θ ∈ [83, 105]◦ The flat planes belonging
to class 2 (red) show Θ ∈ [0, 8.5]◦ and Θ ∈ [174, 180]◦
and the tilted class 3 (green) has Θ ∈ [10, 19]◦ and
Θ = 170◦.
None of the three optical symmetry planes is directly
related to the geometric mirror plane of the helix. How-
ever, Fig. 3(b) enables the comparison of geometric and
optical symmetries. In order to further analyze the op-
tical response, we show the wavelength-dependent clas-
sification of the symmetry planes on top of Fig. 4. The
three classes correspond to sharply separated wave-
length ranges: Class 1 is valid for λ ∈ [550, 680]nm.
For larger wavelengths λ ∈ [680, 1025]nm, the T -
matrix possesses the symmetry according to planes
of class 2. Finally, in the long wavelength regime
(λ ∈ [1025, 2050]nm), the symmetry is in class 3.
The analysis in Fig. 3(b) suggests that class 3 (green)
is the closest one to the geometric mirror plane. This
is further strengthened by the full angular spectrum
of the optical chirality coefficient χTT [17]. Accord-
ingly, we find that the optical response is dominated
by the geometric shape for long wavelengths. Obvi-
ously, the optics is dominated by the electric dipole
moment in this regime which is also shown in Fig. 4.
Here, the mean of the diagonal entries of submatrices
of the T -matrix are shown. These are proportional to
the electric and magnetic dipole moments as well as to
the electric quadrupole moments.
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Figure 4: Wavelength-dependent classification of
symmetry planes of T -matrix (top). Absolute value
of averaged diagonal T -matrix entries corresponding
to induced electric dipoles (solid), magnetic dipoles
(dashed) and electric quadrupoles (dotted). The
classes 3 (green), 2 (red) and 1 (blue) belong to de-
creasing wavelengths. Changes in symmetry of T are
due to higher order multipoles.
The three symmetry classes of the T -matrix oc-
cur close to three electric dipole peaks (λ =
623, 833, and 1, 473nm) and are influenced by the
anisotropy of the T -matrix. Truly chiral behaviour as
observed here, however, originates not from anisotropy
but from coupling between electric and magnetic mul-
tipoles [22]. In the appendix we elaborate on the com-
plex interplay between these different contributions in
the dipolar limit [17]. Here, we limit the discussion to
the main aspects of different multipolar contributions.
For large wavelengths with symmetry of class 3, the
electric dipoles are much larger then any other induced
multipole. In the intermediated regime of symmetry
class 2, the magnetic dipole moment significantly in-
creases. For short wavelengths with planes of class 1,
the electric quadrupole moment is stronger than the
magnetic dipole moment which yields the change in the
optical symmetry. Higher order multipoles including
mixed electric-magnetic moments are depicted in [17].
The more elaborate study of multipolar resonances un-
derlines again that the chiral response deviates from
expectations due to a purely geometrical analysis of
the scatterer.
In summary, we have introduced a method to ob-
tain geometric mirror planes from the optical T -matrix
of a scattering object. We applied this method to an
isolated gold helix and found correlations between the
symmetry of its geometric shape and those of the opti-
cal response in the long wavelength regime. On the one
hand, this confirms the expectation that instrinsic geo-
metric chirality is directly related to an optically chiral
4
response. On the other hand, for shorter wavelengths
where higher multipoles are induced, mirror planes de-
rived from the T -matrix do not coincide with the geo-
metric mirror plane. This implies light-matter interac-
tions whose symmetry cannot be explained simply by
geometric chirality. Our method can be applied to all
isolated scattering objects and constructively identifies
planes of mirror symmetry.
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A Appendix
A.1 Vector Spherical Harmonics
The solution of Maxwell’s equations for an isolated
scatterer being the subject to external illumination is
conventiently expressed in the basis of vector spherical
harmonics (VSHs) N (l)nm(x) and M
(l)
nm(x) [15]. The in-
dex n is the multipole order and gives the total angular
momentum. The index m is related to the eigenvalue
m(m + 1) of the squared orbital angular momentum
operator L2 [16, Sec. 9.7,]. The superscript l differen-
tiates between incident (l = 1) and scattered (l = 3)
electromagnetic fields.
In the VSH basis, the incident electric E inc and mag-
netic Hinc time-harmonic fields are
E inc(x, t) = e−iωt
∞∑
n=1
m=n∑
m=−n
pmnN
(1)
mn(x) + qmnM
(1)
mn(x),
(5)
Hinc(x, t) = − ie
−iωt
Z
∞∑
n=1
m=n∑
m=−n
pmnM
(1)
mn(x) + qmnN
(1)
mn(x),
(6)
with the wave impedance Z =
√
µ0µ/(ε0ε) and the
relative permeability µ and relative permittivity ε of
the surrounding medium. The scattered fields obeying
the radiation condition are given by
Esca(x, t) = e−iωt
∞∑
n=1
m=n∑
m=−n
amnN
(3)
mn(x) + bmnM
(3)
mn(x),
(7)
Hsca(x, t) = − ie
−iωt
Z
∞∑
n=1
m=n∑
m=−n
amnM
(3)
mn(x) + bmnN
(3)
mn(x).
(8)
The VSHs N (3)nm(x) and M
(3)
nm(x) are the electric fields
due to induced electric and magnetic multipoles, re-
spectively.
A.2 T -Matrix
The coefficients pmn and qmn as well as amn and bmn
are the VSH coefficients of the incident and scattered
field, respectively. The optical response of a scatterer
is described by the relation of these two sets of coeffi-
cients. Specifically, the T -matrix enables the computa-
tion of the scattered field (a, b) from a known incident
field (p, q), where all coefficients are summarized in
vectors:
T
(
p
q
)
=
(
a
b
)
. (9)
Accordingly, all possible observable quantities such as
scattered energy, absorption and chirality extinction
can be deduced from the T -matrix [15, 8].
In this study, we analyze quadratic T -matrices of
dimension 2N(N + 2) with maximal multipole order
N = 5. T is obtained numerically by the illumina-
tion with 150 plane waves. The respective incident
wave vectors are distributed equidistanly on a spheri-
cal surface and the polarizations are chosen randomly.
The projection of the scattered field onto VSHs is com-
puted from general surface integrals [18]. The resulting
matrices for the extremal CD response (Figure 2) at
λ = 823nm and λ = 1, 452nm are shown in Figure 5.
0
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Figure 5: Colorplot of absolute values of the T -matrix
entries at λ = 823nm (left) and λ = 1, 452nm (right)
which correspond to extremal values in the CD spec-
trum.
A.3 Transformation of T
The T -matrix is useful for transformations R such as
rotating R, translating T and mirroringM the object
of interest. Under mirror reflection Mxy on the xy-
plane, both the incident (l = 1) and the scattered (l =
3) VSHs transform as
(MxyN (l)mn)(x) = (−1)(m+n)N (l)mn(x), (10)
(MxyM (l)mn)(x) = (−1)(m+n+1)M (l)mn(x). (11)
Accordingly, the matrix Tl representing the mirror im-
age of the scatterer with T -matrix Tr is given by
Tl =M−1xy TrMxy, (12)
with (Mxy)ij = (−1)(m+n)δij for i = 1, ..., N(N + 2)
and with (Mxy)ij = (−1)(m+n+1)δij for i = N(N +
2) + 1, ..., 2N(N + 2).
By employing the addition theorems for translation
T and rotation R of VSHs [19], the T -matrix of the
transformed scatterer is computed analytically. Note
that the mirrored and rotated T -matrices are exact,
whereas the translated T -matrix is an approximation
due to the finite size of T , i.e. the maximal multipole
order N = 5. In Figure 6, we plot the error ∆ of
forward and backward translation in the same direction
with Θ = 76◦,Φ = 330◦ and d = 206nm. Although
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the scatterer is mapped onto its original position, the
truncation of T introduces the error
∆ =
maxij
∣∣∣(Tr − T −1back {T −1forwTrTforw} Tback)ij∣∣∣
maxij
∣∣∣(Tr)ij∣∣∣ .
(13)
600 800 1,000 1,200 1,400 1,600 1,800 2,000
−5
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−3
−2
λ [nm]
lo
g 1
0(
∆
)
Figure 6: Numerical error of translation due to the
finite size of T with maximal multipole order N = 5.
A.4 Mirror Planes in T
As discussed in the main text, the aim of this study
is to find symmetries in T which correspond to ge-
ometric mirror planes, or at least identifying planes
of highest possible mirror symmetry for which the T -
matrices of the original scatterer and its mirror image
show the highest similarity. This is done by the global
minimization in (3). As illustrative examples, we show
the angle-dependent, i.e. non-minimized, χTT(Θ,Φ, 0)
for rotations by angles Θ and Φ without translation
(d = 0), in Figure 7. All possible rotations of two ma-
trices at the extremal values of the CD spectrum are
shown (cf. Figure 5) with
χTT(Θ,Φ, d) =
∣∣∣∣Tl −R−1(Θ,Φ, d)TrR(Θ,Φ, d)∣∣∣∣2 .
(14)
It is apparent in the change of similarity planes (Fig-
ure 3) and the angular dependence of the similarity of
the T -matrices of mirror images (Figure 7) that the
symmetry of T is highly wavelength dependent. This
is due to the fact that for shorter wavelengths, higher
multipoles contribute to the overall response as shown
in Figure 8. There, we show the absolute value of the
T -matrix entries which correspond to averaged elec-
tric and magnetic multipole orders N = 1 (dipole) and
N = 2 (quadrupole). Overall the response is domi-
nated by electric dipole contributions. Below λ = 1µm,
magnetic dipole and electric quadrupole effects are in-
creasing and result in symmetry planes which are not
found in a purely geometric analysis.
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Figure 7: χTT(Θ,Φ, 0) is the norm of the difference
between original T -matrix and the matrix of a mirrored
scatterer rotated by Θ and Φ around the centroid of the
helix for λ = 623nm (top), λ = 823nm (middle) and
λ = 1, 452nm (bottom).
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Figure 8: Absolute value of averaged entries of T cor-
responding to electric, magnetic and electric-magnetic
dipole and quadrupole moments.
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A.5 Dipolar Analysis of Symmetry
Classes
In order to investigate the physical origin of the three
symmetry classes found in our analysis, we further
study the T -matrix in the dipolar approximation,
i.e. the electric T
(dip)
el , the magnetic T
(dip)
ma and the
electric-magnetic part T
(dip)
em . For each 3x3 matrix, we
compute the three eigenvalues αv with e.g. T
(dip)
el v =
αvv. In Fig. 9, we show the absolute value of αv as
well as the spherical coordinates Θv and Φv of the re-
spective eigenvector.
The quantities belonging to the largest eigenvalue
are plotted with large black circles. The second largest
eigenvalue is depicted with small black circles and the
smallest one has small gray circles. The y-axis of |αv| is
presented on the left and the y-axis for the two angles
is placed on the right. Alongside the x-axis, the colored
wavelength-dependent symmetry classes found in our
study are shown. The transitions between these classes
at λ = 680nm and λ = 1025nm are shown with gray
vertical lines.
The transitions between the symmetry classes occur
for a change in the dominant eigenvalue of the electric,
magnetic and electric-magnetic submatrices, i.e. for
different resonances of the scatterer. That is why the
symmetry planes discussed in the main text are sharply
separated. There is always a smooth line connecting
the parameters of the eigenvalues, however, the dom-
inant eigenstate is highly wavelength-dependent and
introduces the drastic changes in the symmetry of T .
Note that the changes of the maximal eigenvalue
do not exactly coincide for the electric, magnetic and
electric-magnetic matrices. This illustrates that the
symmetry of T and especially the chiral behaviour of
the helix is dependent on a complex interplay between
electric and magnetic contributions as well as higher
order multipoles which are not shown here. In compar-
ison with the multipolar resonance behavior, the scalar
coefficient χTT introduced in the main text largely sim-
plifies the analysis of the chiral behavior of the scat-
terer.
A.6 Physical Relevance of the 2-norm
The electromagnetic chirality coefficient χCD is directly
accessible by experiment: it is the differential energy
extinction due to the illumination by right and left
handed circularly polarized plane waves. The observed
energy extinctions at different angles of incidence
(Θ,Φ) are averaged over the whole solid angle. Numeri-
cally, this quantity is deduced from the T -matrix which
contains the full angular- and polarization-resolved op-
tical response of the scatterer [8, Eq. (27)].
For the coefficient χSV the T -matrix itself is ana-
lyzed rather than the experimentally measurable quan-
tities in the experiment. Here, the ability of retriev-
ing the full optical response by illumination with fields
of only one state of well-defined helicity is quantified
[9]. Irrespective of any particular conditions of the
incident field and/or the experimental observables, a
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Figure 9: Eigenvalue analysis of dipolar contributions.
See section on dipolar analysis for details.
general property of the scattering object is obtained,
namely, whether the scatterer is electromagnetically
chiral. The latter property is introduced in Ref. [9].
In the current study, we put forward a concept relat-
ing the geometric property of (a)chirality of an object
to its optical properties. Specifically, we find planes
of similarity in the T -matrix which directly relate to
geometric mirror planes. For simplicity, we choose the
2-norm ||·||2 in (3). Depending on the experimental
setup, other matrix norms or operations may be chosen
which correspond to observables such as the scattered
chirality [23]. In any case, the measurable quantity
can be computed from the T -matrix since all optical
information is contained therein.
For the specific choice of the 2-norm, not only the
geometric mirror plane of highest similarity between
mirror images is obtained. Further, the required illu-
mination parameters are given directly. We recall that
the 2-norm of any matrix A is its maximal singular
value σmax: ||A||2 = σmax(A). Additionally, the sin-
gular value decomposition is a factorization of A into
A = UΣV ∗ with the diagonal matrix of singular values
Σ and unitarity matrices U and V . The matrices U
and V consist of the left- u and right-singular vectors
v of singular value σ with
Av = σu. (15)
Note that due to the unitarity of U and V , the singular
vectors are normalized: ||u||2 = ||v||2 = 1.
In (3), the difference of the matrices Tl and Tr of the
(transformed) mirror images are compared. Accord-
ingly, it holds χTT = σmax(Tr − R−1TlR), where we
omit the rotation and translation parameters (Θ,Φ, d).
The singular value decomposition gives the VSHs co-
efficients of the incident field with minimal χTT as
8
vmax = (pmax, qmax) with
χTT =
∣∣∣∣∣∣∣∣(Tr − Tl)( pmaxqmax
)∣∣∣∣∣∣∣∣
2
= Wsca(Tr − Tl).
(16)
The last step is fulfilled since the absolute value of the
scattered VSH coefficients is proportional to the scat-
tered energy [15, 23]. This means the coefficient χTT is
proportional to the scattered energy of the differential
field due to the mirror images Tr and Tl with the small-
est discrepancy. The respective geometric parameters
(Θmin,Φmin, dmin) of χTT follow from the optimization
parameters. Accordingly, we obtain in our approach
both the incident field (from its VSH coefficients) as
well as the mirror plane (from its parameters) corre-
sponding to an experimental realizable setup.
A.7 Geometric Model
The analyzed object is a gold helix with paramters
taken from Ref. [20]. The permittivity of Au is derived
from a fit of experimental data to a Lorentz-Drude
model [24].
In Fig. 10, the construction of the helix based on
a CAD-model is shown. Two spheres with radius of
35nm are placed at the top and bottom of a cylinder
with radius of 60nm and height of 230nm. This yields
z = ±115nm and x = 60nm for the upper and lower
sphere, respectively. A circle of radius 35nm is swept
along a path on the cylindrical surface. Due to nu-
merical stability, the path is divided into six segments.
This procedure results in a helix with one coil and a
circular cross section.
Figure 10: Construction of helix: Spheres (black) are
placed at the top and bottom. A circle (green) is swept
along a line (red) on the cylindrical surface (red, trans-
parent). The helix (grey, transparent) consists of six
parts in parameter space.
A.8 Geometric Chirality Coefficient
Similar to the approach of finding mirror planes in the
T -matrix, mirror planes in a geometric object may be
found by analyzing the overlap of the original object
Or and its mirror image Ol. The mirror image Ol is
rotated by (Θ,Φ) and translated from its centroid by
the distance d in order to maximize the overlap with
the original objectOr. In Fig. 11, we depict the original
helix in grey and its rotated mirror image in blue. The
overlap Ol ∩Or is shown in red.
For the geometric chirality coefficient χGE, the vol-
ume of the overlap V (Or ∩Ol) is maximized and given
in units of the original volume V (Or) [(4) and Ref. [12]].
Since the mirror image of an achiral object may be
brought to complete overlap, the coefficient vanishes
in the achiral case: χGE = 0. By contrast, if the mir-
ror image does not overlap at all, the coefficient equals
unity. Note, however, that there exists an overlap for
any (including chiral) object. Accordingly, χGE = 1 is
only a theoretical value.
In Fig. 7, the coefficient χGE(Θ,Φ, 0), which depends
on the rotation angles, is shown. The relevant scalar, is
the minimum of this coefficient as it occurs for the max-
imal overlap. Including translations in χGE(Θ,Φ, d),
it is always possible to obtain χGE(Θ,Φ, d) = 1 by
translating the mirror images out of their respective
bounding boxes. Only the analysis of all possible rota-
tions and translations (i.e. the minimization procedure)
yields a relevant coefficient which vanishes if the object
possesses a mirror plane.
Figure 11: Overlap (red) of the original helix (grey)
and the transformed helix (blue) which is mirrored and
rotated around the y-axis with Θ = 125◦ yielding the
maximal overlap with χGE = 0.57.
A.9 Bayesian Optimization
The global minimization of χTT(Θ,Φ, d) in (3) takes
place in a three-dimensional space with parameters de-
fined by the rotations around the angles (Θ,Φ) and the
translation by the distance d. Since the behaviour of
the similarity of the original T -matrix Tl and the ma-
trix of the transformed mirror image Tr is unknown,
a global optimizer is required to obtain the coefficient
χTT providing the highest symmetry in the T -matrix
of the helix.
Bayesian Optimization (BO) is a procedure based on
a stochastic model given by Gaussian processes (GPs)
[21]. The optimization starts at a random point in
the parameter space and predicts the objective func-
tion in the full space based on the previously obtained
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values. This stochastic model is used to identify pa-
rameter values which yield a large expected improve-
ment with respect to the currently known minimum.
Subsequently, the function value of the point with the
highest expected improvement is determined and the
predictive model is refined. Different stopping criteria
such as the maximum number of function evaluations,
the smallest probability of improvement or the smallest
expected improvement are possible.
In the current study, we use a maximum number of
500 function evaluations, a minimal probability of im-
provement of 10−6 and a minimal expected improve-
ment of 10−5. The latter criterion is based on the
numerical accuracy which is limited by the transla-
tion addition theorem for a finite T -matrix (cf. Fig. 6).
Further, we parametrize the space (Θ,Φ, d) as follows
in order to obtain parameters (p1, p2, p3) ∈ [0, 1]3 and
shift physical significant points such as the centroid
(d = 0) to the inner part of the parameter intervals:
Φ = 360◦(p1 − 0.7), (17)
Θ = 180◦
(
p2 − 0.1
1− 0.1
)2
, (18)
d = 206nm
(
p3 − 0.2
1− 0.2
)2
. (19)
The quadratic functions involving p2 and p3 introduce
ambiguities in the parameter space which are irrele-
vant for the physical values obtained from the inverse
functions
p1 =
Φ
360◦
+ 0.7, (20)
p2 =
√
Θ
180◦
(1.0− 0.1) + 0.1, (21)
p3 =
√
d
206nm
(1.0− 0.2) + 0.2. (22)
The relation between the variables (Θ,Φ, d) and the
parameters (p1, p2, p3) is depicted in Fig. 12.
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Figure 12: Parametrization for optimization with
(p1, p2, p3).
The stochastic nature of the BO enables the predici-
tion of objective values in the full parameter space as
well as predicting the uncertainties, i.e. standard devi-
ations, of these values. Accordingly, an interpolation
of the parameter space is possible. For the two ex-
trema of the CD, the prediction given by the BO is
shown in Fig. 13. From the respective minimal val-
ues of χTT(p
min
1 , p
min
2 , p
min
3 ) cuts through the parame-
ter space in all three directions are shown. For each cut,
one parameter (e.g. p1) is varied and the other param-
eters are kept constant (e.g. p2 = p
min
2 and p3 = p
min
3 ).
As clearly visible, the minima are very flat with re-
spect to parameter p3, i.e. translation from the cen-
troid. For λ = 823nm, the minimum is additionally
flat for p2, i.e. rotations by Θ. In other words, small
variations in the translation d (and the rotation by Θ
in the first case) do not change significantly χTT. Ac-
cordingly, the similarity between the T -matrices of the
mirror images do not change when d (and Θ) are var-
ied. That is why, the results of the optimization are
subject to ambiguity caused by numerical fluctuations.
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Figure 13: Sensitivity of χTT for λ = 823nm (top) and
λ = 1, 452nm (bottom). Minimal parameters (dots)
and minimal χTT (black dashed line) are shown. Solid
lines are variations of p1 (red), p2 (blue) and p3 (green)
from the minimum. Shaded areas depict standard de-
viation derived from GPs.
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The results of the minimization are shown in Fig. 14.
These parameters correspond to the planes displayed
in Fig. 3. As seen in the latter, the symmetry class
2 is divided into two subclasses: one class for λ ∈
[600, 680]nm and a second class for λ ∈ [550, 600]nm.
These two classes differ only by a roation of 180◦ about
the z-axis.
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Figure 14: Results of minimization.
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